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Fourier Series

Periodic Functions



The Mathematic Formulation

e Any function that satisfies
f(t)=f(t+mT) meZ

where T Is a constant and is called the period
of the function.




Example:

f (t) = cos % + COS % Find its period.

fA)=f(t+T) =) cos%+cos%=cos%(t+T)+cos%(t+T)

Fact: cos0=cos(0-+2mm)



Example:

f(t) =cosmt+cosm,t Find its period.

f(t)=f(t+T) wmp coSmt+cosm,t=cosw,(t+T)+coswm,(t+T)

o, =2mn

- @, _m - o, mustbea
®, N ®, rational number

o, =2nn




Example:
f (t) =cos10t +cos(10 + m)t ><
Is this function a periodic one?

o _ 10 not a rational
o, 10+m  number




Fourier Series

Fourier Series



Introduction

e Decompose a periodic input signal into
primitive periodic components.

A periodic sequence

f(t)

ANTANN

ANFAN
VARV,

e

T \/ﬁT \{{T




Synthesis

d, 2t &, . 27;nt

DC Part Even Part Odd Part
— __/

T is a period of all the above signals

Let w,=27/T.

f(t) = % + > a, cos(nat) + > b, sin(nayt)
n=1 n=1




Orthogonal Functions

e Call a set of functions {#} orthogonal
on an interval a <t < b If it satisfies

‘0 m=n

[ (e (t)dt = or
2 N m=n

(@n(0),0,(1)=NJ,,




Orthogonal set of Sinusoidal
Functions

Define oy =2n/T.

T/2 ==
_[ ,ZCOS(m(Dot)dt =0, m=0 j_ sin(may,t)dt =0,  Vm

-T T/2

[ cos(mayt)cos(naxtydt = -—¢. | We now prove this one
/2 T/2 m=n 2 &

T/2 {O m#=n T

T/2 | . d T
_[_msm(ma)ot)sm(na)ot) t= 55""”

T2 .
I_lesm(mcoot) cos(nw,t)dt =0, forallmandn




COSaLCOS3 = %[cos(oc +B) +cos(a—B)]

Proof

f:z cos(Mam,t) cos(naw,t)dt m # N

1 jm cos[(m+ n)w,tldt + = I

2J-T/2 —T/2

cos[(m —n)w,t]dt

T/2 1 T/2

sin[(m+n)w,t]

sin[(m—n)o,t]

2 (M+N)o, T2 (M-n)o, e
1 1 . 1 1 .
- 2sin[(m+n)z]+= 2sin[(m—n)z~]
2 (m+n)a)0 2 _n)a)o “ _

N 7 v
-~

0 0




COSaLCOS3 = %[cos(oc +B) +cos(a—B)]

PFO Of COSzoc:%[1+COSZOL]

jm cos(Ma,t) cos(nw,t)dt m=nN

—T/2

" cos?(moyt)dt == [ [+ cos 2magtidt

“T/2 2 ~T/2
1|72 T/2
=—t| + Sin 2ma,t]
2 |1 AMa, T2
T O
~ T/2 0 m=n
j_mcos(mcoot) cos(nm,t)dt = {T 12 men




Orthogonal set of Sinusoidal
Functions

Define o =27/T.

T2 | N
¢ (1
J-T/2

m=0

w12 |4 COS m,yt, COS 2m,t, COS 3wt -+ ¢
J-T/2 ) : :
Sin ooot,sm Zooot,sm 3wt -

TI2
j Sln( 111 CALTI\A ] ‘




Decomposition

f(t)_—°+Za cos(nooot)+2b sin(no,t)

B
d T ) (t)dt
2 to+T
== f(t)cosnotdt  n=12,--
2 to+T _
b, == f (t)sin ne,tdt n=12...

n Tto




Convergence

et f(t),T picewise continuous periodic function
N N
fo(t)= % + > a, cos(nagt) + Db, sin(nayt)
n=1 n=1

1-vteR Jim f,(0=2[ () f(0)]

—h

f (t) continuous at t, the limitis f(t,)

2- if T(t) continuous in R and f (t) picewise
ontinuous function within (a,b) interval, fy(t) CVU to f (t)




(Suite)

3-if f (t) exists except on a finite number
points on V closed interval, then in a point tp where

f'(t,) exists then

lim £, (t) = (1)




Convergence and existence

1- absolutely integrable over any period

2- f(t) has a finite number of extremum within any finite
Interval of t

3- f(t) has a finite number of discontinuities within any
Interval of t and each of these discontinuities is finite

....Sufficient but not necessary conditions




Proof

Use the following facts:

T /2

J-T/2

cos(mm,t)dt =0, m=0 j e sin(ma,t)dt =0,

—T/2

m=0

T /2 0 m =N
._mcos(mooot) cos(nw,t)dt = {T T
T2 s it O m=#n
j_msm(mcoo )sin(nw,t)dt = =15 m_n

T/2
L

sin(mo,t) cos(nm,t)dt =0, forallmandn




Example (Square Wave)

f(t) |
1

-6t -5 -4n -3m -2m -m n 2n 3n 4n 5n

ao=ij”1dt=1 . T=2r
2790

a, =ijncos ntdt =isin nt'=0 n=12,-
27 90 Nt 0

2Inr n=135,---

0 N=246,

b, =£rsin ntdlt = — = cos nt| =—i(cos nz—-1)=
277 90 Nz 0 nz



f(t):E+E(3int+lsin3t+Esin5t+---)
2 T 3 5

Example (Square

(t) |
1

-6t -5 -4n -3m -2m -m n 2n 3n 4n 5n

2 pn
ao :2—njo 1dt:1

a, =ij‘ncos ntdt =isin nt'=0 n=12,-
27 90 Nt 0

2/nt n=135,---
O n:2’4’6’...

: 1
. =——(cosnn—1):{

N7

b, = iJ‘ﬁsin ntdt = —icos nt
27 0 nm



Tt

Example

quare

1

f () :1+E(3int+—sin3t+£sin5t+---)
2 3 5

(t) |
1

-6t -5 -4n -3m -2m -m

n 2n 3n 4n 5n

2 (7,
S I O O I O A O I B
AW ENETEYEw
b 05

N :1’3’5, coe

N = 2’4’6’...




Harmonics

f(t) =2 4 a cos@+2bn sin 2t
2 n=1 T n=1 T

f(t) = % + > a, cos(nat) + > b, sin(nayt)
n=1 n=1

— = —~ - ~ —— _
DC Part Even Part Odd Part
N— __/

T is a period of all the above signals




Harmonics

T
Define @, = 21th = ? , called the fundamental angular frequency.

Define ®, = Nm,, called the n-th harmonic of the periodic function.

f(t) =2 +Za cosnooot+Zb sin no,t

n=1 n=1

—

a, & =
f () :?°+Zan cos,t+ » b, sinet
n=1 =




Harmonics

f(t)_?°+2a COS ® t+Zb sino t

a
—°+Z(a cosm, t+b_ sinw,t)

2 n=1

=ﬁ+zw/a +b2( cos o, t + sin o, t

Ja +b2 Ja +b2
_ a_20+i1/a§ +b?(cos 0, cosw, t+sin0_sinwm t)

n=1

=C,+ Y C,cos(o,t—9,)
n=1



Amplitudes and Phase Angles

f(t)=C,+ icn cos(w,t—0,)
' \

harmonic amplitude phase angle




Fourier Series

Complex Form of the
Fouriler Series



Complex Exponentials

e!™" = cos Nyt + jsin neyt
e "' = cos nwyt — jsin Nt

1/ . y
COS Nt = 5 (e‘”‘"ot +e ‘”“’Ot)

sin n(l)ot — 2_1J (ejnooot . e—jnooot ): _%— (ejnoaot _ e—jna)ot)




Complex Form of the Fourier Series

f(t)="2+ Zan CoSs N, t + an sin no,t

?°+%ian(ej”°’°t +e ’”"’Ot) Zb (7ot — gt

n=1




Complex Form of the Fourier Series

f (t) — CO + Z I:Cnejn())ot 4 C_ne_jn(Dot]

n=1
00 _ -1
=Cy+ Y C.eM + > c el
n=1 N=—c0




Complex Form of the Fourier Series

_ao_]_ T/2
%_?;?mgmm

1 .
c =—(a —|b
. 2(an)

B 177 ¢T/2 f q _ (T2 f ) .
= UT/Z (t) cos no,t t—J_[_T/2 (t)sin no,t t}

°T /2
o f (t)(cos nw,t — jsin nm,t)dt

N (t)e "o dt

J-T/

-T/2

?
1
?
1 eT/2
?
1
2

. B 1 e1/2 inogt
(%+m9_?j f (t)e"dt



Complex Form of the Fourier Series

f(t)= icne"“%t I

_ inot
C”_T _mf(t)e dt

c.5c |e, c =c =c |e

1T f(t) Is real,
6, He = al +b;

=)

C.=C
. P, :tan{—”] ¢ =1q
hermitian symmetry a, °2°

n=+1+2+3 -



Complex Frequency Spectra

c, e, [e, ¢ =c ¢, [e" A b,
¢, =tan"| —— n=+1+2,£3,---

1
|Cn |:| C_, |: E r?_l_br? &
. |1 amplitude
C, =—a, spectrum
2
| > 0
\ phase
@a ‘ spectrum
- |'|‘H‘
T o




N
N
—

_A _1 (=2]sinnw,d/2)
T - Jno,

= sinnw,d /2
T 5N,

nzd

| _Ad S'”(?j _Ad_ - nad
ejndeIZJ - T (@j - T T
T




A/5
Illillli ‘II IIII il||l
-80m I -40m 0 40m I 80n 120m
-10mq -5m Sy 10w, 15w,
i gt fyotfd_t
T 20" 41T 5
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Example

10
-120x -80m -40m 0 407 80n 120%
-30m, -200, -10w, 10w, 200, 30w,
o[ WS T
AT 20 2| T 5

T (m:d) 27
? 0)0:—:472'




v

d T

:é - 1 (1_e—jno)0d)
T Jno,

:é | 1 g inond 12 (g inod /2 _ o= inud /2y
T Jno,

. (nnd)
SINf ——
— Ad T e—jnmod/2

T




Fourier Series

Impulse Train



Dirac Delta “Function”

0 t=0 5
o(t) = o(t)dt =1
0=, 1= .50

E S(t)dt=1 Ve&)0

Also called unit impulse function.

> 1




Generalized function

e But an ordinary function which is everywhere O
except at a single point must have integral O (in
the Riemann integral sense).

- Thus §6(t) cannot be an ordinary function and
mathematically it is defined by

| 5®e(t)dt = p(0)

Where ¢(t) is an regular function continuous at { = 0




Generalized function (suite)

e An alternative definition of 4(t) is given by

b (0(0)  a(0b
L s(t)pt)dt =40 a(b(0 or 0a(b
kundefined a=0 or b=0

e Itis why, 6(t) is often called a generalized
function and ¢(%) a testing function € S




 Also

o(t—t,) Isdefined by

| st—t)e(t)dt = (t,)

Some properties of O (1)




Some properties

S(at) = éa(t) 5(=t) = 5(t)
X()S(1) = X(0)5(1) XSt —t,) = X(t,)5(tt,)
X(t) = T X(£)5(t —7)d7 = X(t) = x(t)* 5(t)

—00




Generalized derivatives

[ 9" ®edt = (1" [ g(t)p™ (t)dt
and (because ¢(t) vanished out side some fixed interval)

[ 5'®e)dt=—¢ (0)

example o(t) = ?




Property

[~ 3()a(t)dt = <|><0>| o(t): Test Function

[~ smemdt =" 3t)6(0)dt = 4(0)[~ s)dt = 4(0)




Impulse Train

- 1

3T 2T -T 0 T 2T 3T

5. (t) = iB(t—nT)\




5, (t)= 3 5(t-nT)

N=—00

D,

2
T

Fourier Series of the Impulse Train

T/2 ]
j_m 5. (t) sin(ne,t)dt = 0




Complex Form
Fourier Series of the Impulse Train

5, (t)= 3 5(t-nT)

N=—o0

B a, B 1 ¢7/2 B
o == j_msT (t)dt =

_ 1 (ri2 —nogt 4+ _
Cy = [ 8 (e ™dt =

=~ |



Fourier Series

Analysis of
Periodic Waveforms



Waveform Symmetry

e Even Functions

fM)=f(t)

e Odd Functions

T(t)=—1(-1) —_



Decomposition

e Any function f(t) can be expressed as the
sum of an even function f (t) and an odd
function f_(t).

f(t)=1.(t)+ T, (t)
f.()=2[f()+ f(-t)] EvenPart

f,(t)= %[f (t)— f (-t)] Odd Part




rle—t t>O ﬂrt
.I:E(t):< ; t >

[ Odd Part

f (1) =

et t<O \




Half-Wave Symmetry

f(t)=f(t+T) and f(t)=—TF(t+T/2)

A

—leé leé T ’




Quarter-Wave Symmetry

Even Quarter-Wave Symmetry

/R /2

AR VA VA B

Odd Quarter-Wave Symmetry

/ \ —T/2 T/2 / \ R

__/ /7




Hidden Symmetry

e The following is a asymmetry periodic function:

e Adding a constant to get symmetry property.

AAAAN

ARAR A



Fourier Coefficients of
Symmetrical Waveforms

e The use of symmetry properties simplifies the
calculation of Fourier coefficients.
- Even Functions
— Odd Functions
- Half-Wave
- Even Quarter-Wave
- Odd Quarter-Wave
- Hidden




Fourier Coefficients of Even Functions

fO=f)

f(t) = +Za COS Nt

n=1

4 ¢T/2
a =— f (t) cos(nw,t)dt




Fourier Coefficients of Even Functions

f ()= (-0 \\

f(t) =) b,sinnot
n=1

-

4 ¢T/2 _
D, == jo f (t)sin(no,t)dt



Fourier Coefficients for Half-Wave Symmetry

f(t)=f(t+T) and f(t)=—F(t+T/2)

T2 T/2§ T ’

The Fourier series contains only odd harmonics.




Fourier Coefficients for Half-Wave Symmetry

f(t)=f(t+T) and f(t)=—F(t+T/2)
- f(t):i(an cos Nw,t +h_ sin nw,t)

0 for neven
a, =1 $ jom f (t)cos(nm,t)dt for nodd

0 for n even
12417 £ ) sinne.)dt for nodd
T L (t)sin(nw,t) orno




Fourier Coefficients for
Even Quarter-Wave Symmetry

/j,/_T,/j
/o N/ o\ /T L

f(t) = a,, , cos[(2n—1)ogt]

8 (T/4
APEE jo f (t) cos[(2n — D w,t]dt




Fourier Coefficients for
Odd Quarter-Wave Symmetry

M\ S\ S\
__/ /T

(1) = b, sin[(2n—Doogt]

- b, , = ? jom f (t)sin[(2n —1)w,t]dt




Example

Even Quarter-Wave Symmetry 1
1
| E‘T/Zs = Y |
T T4 | TH T
: : S : :

8 (T4 8 (114
a, , =— jo f (t) cos[(2n — D) w,t]dt=— j cos[(2n —1)o,t]dt

T T
sinf(2n-Dot] =ED™

0

A
(2n-1r

T 2n—Do,T




f(t)="2

Tt

(cos 0ot — 1 COS 3m,t + 1 COS DMt + - j
3 5

Even Quarter-Wave Symmetry 1
1
| S‘T/Z | = Y |
T Ti4 | TH T
. . T . .
8 (T4 8 (114
By 1= jo f (t) cos[(2n ~Dorgt]dt=— jo cos[(2n —1)o,t]dt
T/4
= sin[2n-Do,t] =)™ !
(2n—1)w,T ol (2n-Drn



Example

Odd Quarter-Wave Symmetry

. 1 . .
7 Y
T . T4 | T4

-1

8 (T/4 ] 8 e1/4
Dy = jo f (©)sin[(2n ~Deot]dt = jo sin[(2n —1) o, t]dt

T/4

-8 4

" (2n—1)o,T costEn=ed) = on e

0




f(t)="2

Tt

(sin ON| +£sin 3ot +lsin Syt +-- j
3 5

Odd Quarter-Wave Symmetry

. 1 . .
7 Y
T . T4 | T4

-1

8 (T/4 ] 8 e1/4
Dy = jo f (©)sin[(2n ~Deot]dt = jo sin[(2n —1) o, t]dt

T/4

-8 4

" (2n—1)o,T ostEn=Det) = on ")

0



Fourier Series

Half-Range
Expansions



Non-Periodic Function Representation

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Without Considering Symmetry

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Expansion Into Even Symmetry

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Expansion Into Odd Symmetry

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Expansion Into Half-Wave Symmetry

- - -
. . .
o % DA QI
N LS N LS N LS
. « . « .
* N * N *
% N % N %
- N - " -
Say N Say s Say - - »
nd L B L bl
. “‘ . “‘ . “‘
. o . o . o
. . .
. o . o — °, Of
° * ° ” — °, Q
\d Q \d Q \d Q
\J * \J * \J *
at® o, o 0

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Expansion Into
Even Quarter-Wave Symmetry

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Expansion Into
Odd Quarter-Wave Symmetry

.o'o‘ *%e
(Y
D . *) — —
% * S — I —
% o .
3 .
N Say 2s® ‘1 — I :
| Is oot Ve, o
. o ., g
. R . K
. o ° .
Q .
. . . g
. * * &
L g .,

e A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).




Fourier Series

Least Mean-Square
Error Approximation



Approximation a function

N
Use S, (t)= % + > (&, cosnayt +b, sinna,t)

n=1

to represent f(t) on interval —T/2 <t < T/2.

Define e, (t) =  (t) =S, ()

I 2 Mean-Square
én T T .[ LTI [ey (DT at Error




Approximation a function

Show that using Sy (t) to represent f(t) has
least mean-square property

_ 1 eT/2
au == len (O d

2
— %ﬂl[ f(t) - % — > (@, cosnayt + b, sin na)ot)} dt

n=1

Proven by setting 65 /6a; = 0 and 6 &f/0b; = 0.




Approximation a function

_ 1 eT/2
fu == | len (O d

2
1T a, N .
_?jm[f(t)—?— _1(an cosnayt + b, sin na)ot)} dt

N=

—2
0&y,

2 ¢T/2 . dt = 0
= —an—?j_m (t) cosna,tdt =

n

=2
0&y,

b, — 2™ f®sinnatdt =0
= "_?j_m (t)sinna,tdt =

ob

n




Mean-Square Error

_ 1 c112
fu == | len (O d

1 +T/2 a, N i
:?jm[f(t)—?—z (a, cosnayt + b, sin na)ot)} dt

=1

g :%ij[f(t)] dt————Z(a +b?)




Mean-Square Error

_ 1 c112
fu == | len (O d

1 oT/2 a, N . ‘
:?j_m f(t)—?—Z(an cosnayt + b, sinnagyt) | dt

n=1

1 +T/2 , ag 1, 5, o
=0 dt= 745 2, (3 +b)




Mean-Square Error

_ 1 c112
fu == | len (O d

1 +T/2 a, N i
:?jm[f(t)—?—z (a, cosnayt + b, sin na)ot)} dt

=1

? 1P dt——§+1i(a +b?)

1
T J102

nN=

lim ¢ = lim [le, ()] =0



